In this paper, we introduce a new iterative algorithm for approximating fixed points of mean nonexpansive mappings in CAT(0) spaces. We prove a Δ-convergence theorem under suitable conditions. The result we obtain improves and extends several recent results stated by many others; they also complement many known recent results in the literature. We then provide some numerical examples to illustrate our main result and to display the efficiency of the proposed algorithm.
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PUBLIC INTEREST STATAMENT
In many applications of mathematics in physical and engineering sciences, a differential equation should be solved. A powerful method for solving these equations is to use the contraction principle in some generalized metric spaces. Several methods have been found to establish the existence of fixed points that are the solutions of some functional or differential equations. Here we have focused not only on the existence of such solutions, but also on the approximation of the solutions. To reach this goal, we have presented a new iterative algorithm that converges to the required solution faster than any other existing algorithm. On the other hand, instead of investigating the class of nonexpansive mappings, we have considered a wider class, i.e. the class of mean nonexpansive mappings. This makes our theorem more powerful as well as more efficient.
convex Banach space has a fixed point. Fixed point theory in Cartan-Alexandrov-Toponogov spaces, or briefly in CAT(0) spaces, was first studied by Kirk (2002 Kirk ( -2003 Kirk ( , 2003 . Among other things, he proved that every nonexpansive mapping defined on a bounded closed convex subset of a complete CAT(0) space has a fixed point. Since then the fixed point theorems for various mappings in CAT(0) space have been developed rapidly and numerous papers have appeared (see for example Dhompongsa & Panyanak, 2008; Kirk & Panyanak, 2008; Leustean, 2007; Nanjaras, Panyanak, & Phuengrattana, 2010; Shahzad, 2009; Shahzad & Markin, 2008 and the references therein).
As a generalization of nonexpansive mappings, in Zhang (1975) introduced the concept of a mean nonexpansive mapping in Banach spaces and proved the existence and uniqueness of fixed points for this type of mappings in Banach spaces with normal structure. The mean nonexpansive mappings were extensively studied by Wu and Zhang (2007) , and by Yang and Cui (2008) . In Nakprasit (2010) provided an example of a mapping that is mean nonexpansive but not Suzuki-generalized nonexpansive and showed that increasing mean nonexpansiveness implies Suzuki-generalized nonexpansiveness. In Ouahab, Mbarki, Masude, and Rahmoune (2012) proved a fixed point theorem for strong semigroups of mean nonexpansive mappings in uniformly convex Banach spaces. In this paper, we shall study mean nonexpansive mappings in the context of CAT(0) spaces.
Let (X, d) be a metric space and x, y be two fixed elements in X such that d(x, y) = l. A geodesic path from x to y is an isometry c: [0, l] 
. This is obtainable using the triangle inequality, and it is unique up to isometry on ℝ 2 . Bridson and Haefliger (1999) have shown that such a triangle always exists.
A geodesic segment joining two points x, y in a geodesic space X is represented by [x, y] . Every Kirk, 2004; Reich & Salinas, 2016) . Examples of CAT(0) spaces include the ℝ-tree, Hadamard manifold, and Hilbert ball equipped with hyperbolic metric. For more details on these spaces (see for example Abramenko & Brown, 2008; Brown, 1989; Burago, Burago, & Ivanov, 2001) . A geodesic space (X, d) is called hyperbolic (see Goebel & Reich, 1984; Reich & Shafrir, 1990) if, for any x, y, z ∈ X,
The class of hyperbolic spaces includes the normed spaces, CAT(0) spaces, and some others. Bashir Ali in (2016) presented an example of a hyperbolic space that is not a normed space. Therefore, the class of hyperbolic spaces is more general than the class of normed spaces.
Let  be a nonempty subset of a CAT (0) 
In Zhou and Cui in (2015) introduced an iterative algorithm to approximate fixed points of mean nonexpansive mappings in CAT(0) spaces; this algorithm is defined in the following way:
where {s n } ∞ n=1 and {t n } ∞ n=1 are some sequences in (0, 1).
In this paper, we introduce a new iterative algorithm for approximating fixed points of mean nonexpansive mappings in CAT (0) spaces. Under suitable conditions, we prove a Δ-convergence theorem for our algorithm. The results we obtain improve and extend several recent results in the literature; they also complement many known existing results. We then provide some numerical examples to illustrate our main result, and in this way we display the efficiency of our proposed algorithm.
Preliminaries
Throughout this article, (X, d) will stand for a metric space. We denote by ℕ the set of positive integers and by ℝ the set of real numbers. We write x n ⇀ x to indicate that the sequence {x n } ∞ n=1 converges weakly to x, and x n → x to indicate that the sequence {x n } ∞ n=1 converges strongly to x.
We start by recalling some basic definitions.
Definition 2.1 Let  be a nonempty subset of (X, d). A mapping T: →  is said to be nonexpansive if
Definition 2.2 Let  be a nonempty subset of (X, d). A mapping T: →  is said to be mean nonexpansive if
where a and b are two nonnegative real numbers such that a + b ≤ 1.
Obviously, every nonexpansive mapping is a mean nonexpansive mapping (with a = 1 and b = 0).
Note that a mean nonexpansive mapping is not necessarily continuous as the following example shows, so that mean nonexpansive mappings are not necessarily nonexpansive. Definition 2.3 Let  be a nonempty subset of (X, d). A mapping T: →  is said to be Suzuki-generalized nonexpansive if
for all x, y ∈ .
In Nakprasit (2010) provided an example of a mapping that is mean nonexpansive but not Suzukigeneralized nonexpansive and showed that increasing mean nonexpansive mappings are Suzukigeneralized nonexpansive.
We now turn to some known fact regarding the CAT(0) spaces. {x n } and {y n } are two sequences in X such that Definition 2.8 Let {x n } be a bounded sequence in a CAT(0) space (X, d).
(1) The asymptotic radius r({x n }) of {x n } is given by
(2) The asymptotic center A({x n }) of {x n } is the set A sequence {x n } in X is said to Δ-converge to x ∈ X if and only if x is the unique asymptotic center of all subsequences of {x n }. In this case, we write Δ − lim n→∞ x n = x and x is called the Δ-limit of {x n }.
A({x n }): = {x ∈ X: r(x, {x n }) = r({x n })}.
We recall that a bounded sequence {x n } in X is said to be regular if r({x n }) = r({u n }) for every subsequence {u n } of {x n }. It is known that every bounded sequence in a Banach space has a regular subsequence.
Proposition 2.10 (Nanjaras & Panyanak, 2010, Proposition 3.12). Let {x n } be a bounded sequence in a CAT(0) space (X, d) and let  ⊂ X be a closed convex subset which contains {x n }. Then,
(ii) if {x n } is regular, then {x n } ⇀ x implies Δ − lim n→∞ x n = x.
Lemma 2.11 The following assertions in a CAT(0) space hold:
(i) (Kirk & Panyanak, 2008) . Every bounded sequence in a complete CAT(0) space has a Δ-convergent subsequence.
(ii) (Dhompongsa, Kirk, & Panyanak, 2007) . If {x n } is a bounded sequence in a closed convex subset  of a complete CAT(0) space (X, d), then the asymptotic center of {x n } is in .
(iii) (Kirk & Panyanak, 2008) . If {x n } is a bounded sequence in a complete CAT(0) space (X, d) with A({x n }) = {p}, { n } is a subsequence of {x n } with A({ n }) = { }, and the sequence {d(x n , )} converges, then p = .
Lemma 2.12 (Zhou & Cui, 2015, Lemma 4.4 
) Let  be a nonempty closed convex subset of a complete CAT(0) space (X, d) and T: →  be a mean nonexpansive mapping. If {x n } is a sequence in
Remark 2.13 By Lemma 2.12 and Proposition 2.10 (ii), if {x n } in Theorem 2.7 is regular, then the condition b < 1 in Theorem 2.7 can be removed.
A Δ-convergence theorem
We begin this section by proving a Δ-convergence theorem for mean nonexpansive mappings in CAT(0) spaces. Indeed, we introduce a new iterative algorithm to approximate the fixed point of our mapping. We shall then compare our algorithm with that of Zhou and Cui (2015) .
Theorem 3.1 Let (X, d) be a complete CAT(0) space and  be a nonempty bounded closed convex subset of (X, d). Let T: →  be a mean nonexpansive mapping with
Proof Applying Theorem 2.6, we conclude that Fix(T) ≠ �. Now, we will divide the proof into three steps.
Step 1. First, we will prove that lim n→∞ d(x n , p) exists for each p ∈ Fix(T) where {x n } is defined by (1) 
. For this purpose, let p ∈ Fix(T). Using the fact that
for all n ∈ ℕ. This together with the fact that { n } ∞ n=1 ⊂ (0, 1) yields for each n ∈ ℕ. It now follows that
This implies that {d(x n , p)} is a decreasing sequence of real numbers. Since this sequence is bounded below, it follows that lim n→∞ d(x n , p) exists. Thus, {x n } is bounded.
Step 2. We will prove that lim n→∞ d(x n , T(x n )) = 0. Without loss of generality, we may assume that Therefore, According to (2), we also have On the other hand, using (3), we can write which implies that Therefore,
Using Lemma 2.5 together with (5), (6), and (9), we have Therefore, we are done.
Step 3. Define
We claim that the sequence {x n } is Δ-convergent to a fixed point of T and that Ω Δ (x n ) consists of exactly one point. To this end, we assume that ∈ Ω Δ (x n ). It follows from the definition of Ω Δ (x n ) that there exists a subsequence { n } of {x n } such that A({ n }) = { }. Now, use the assertion (i) in Lemma 2.11 to obtain a subsequence { n } of { n } such that
It now follows from Lemma 2.12 that ∈ Fix(T). Since the sequence {d( n , )} is convergent, it follows from the assertion (ii) in Lemma 2.11 that = . Therefore, Ω Δ (x n ) ⊆ Fix(T). Finally, we show that Ω Δ (x n ) consists of exactly one point. Let { n } be a subsequence of {x n } such that A({ n }) = { } and let A({x n }) = {x}. We have already seen that = ∈ Fix(T). Since {d(x n , )} converges, by assertion (iii) in Lemma 2.11, we have x = ∈ Fix(T), that is, Ω Δ (x n ) = x. This completes the proof. ✷
Numerical results
In the following, we supply a numerical example of a mean nonexpansive mapping satisfying the conditions of Theorem 3.1, and some numerical experiment results to explain the conclusion of our algorithm. Example 3 Consider X = ℝ with its usual metric, so that X is a complete CAT(0) space. Let  = [−1, 1] which is clearly a bounded closed convex subset of X. We consider the mapping T: ⟶  defined by T is discontinuous at x = 0.5; consequently, T is neither nonexpansive, nor contractive. Now, we verify that T is mean nonexpansive.
. By the definition of T,
d(x, T(y)).
Case 2: x ∈ −1, . Clearly, 0.5 is the only fixed point of T. Put
Using MATHEMATICA, we computed the iterates of algorithm (1) for two different initial points x 1 = −0.9 ∈ [−1, 1] and x 1 = 0.9 ∈ [−1, 1]. Finally, by the numerical experiments, we compared Zhou and Cui iteration process with our algorithm (1) (see Table 1 ). Moreover, the convergence behaviors of these algorithms are shown in Figure 1 . We conclude that x n converges to 0.5. .
